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Abstract. Recent observations of galaxy clusters with
the SCUBA instrument on the James Clarke Maxwell
Telescope have revealed a sample of gravitationally lensed
sources at sub-mm wavelengths. We extend our previ-
ous calculation on the expected number of lensed opti-
cal arcs and radio sources to study the sub-mm lensed
source statistics due to foreground massive clusters. For
a flat cosmology with Ωm = 0.4 and ΩΛ = 0.6, we pre-
dict ∼ 1.5×104 lensed sub-mm sources with flux densities
greater than ∼ 4 mJy at 850 µm, and with amplifica-
tions due to lensing greater than 2, towards galaxy clusters
with X-ray luminosities greater than 8× 1044 h−2 ergs s−1
(0.3 to 3.5 keV band). We compare our predictions with
the observations from the SCUBA instrument, and briefly
consider the possibility of using the South Pole 10-m sub-
mm telescope and the Planck surveyor to identify lensed
sub-mm sources. A catalog of around 100 gravitationally
lensed sources at 353 GHz may be a useful by-product of
Planck.
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1. Introduction
It is now well known that gravitational lensing statistics is
a useful probe of the geometry of the universe, especially
for the determination of the cosmological constant. In a
recent paper, we calculated the expected number of grav-
itationally lensed optical arcs and radio sources (Cooray
1998; hereafter C98) on the sky due to foreground galaxy
clusters as a function of the cosmological parameters. The
expected number of lensed sources was calculated based on
the redshift distribution of the Hubble Deep Field (HDF;
Williams et al. 1996) galaxies, with an extrapolation to the
whole sky. Here, we extend our calculations to estimate
the number of expected sub-mm sources on the whole sky
due to foreground clusters. Our calculation is prompted by
recent observational results from the new Sub-millimeter
Common-User Bolometer Array (SCUBA; see, e.g., Cun-
ningham et al. 1994) on the James Clerk Maxwell Tele-
scope, where a sample of gravitationally lensed sub-mm
sources has now been observed by Smail et al. (1997 &
1998).
The gravitational lensing of background sub-mm
sources due to foreground galaxy clusters was first stud-
ied by Blain (1997), using a model of a lensing clus-
ter with predicted source counts for background sources.
Blain (1997) showed that the surface and flux densities of
lensed sources exceed those of galaxies within the lensing
cluster, and their values. This behavior, primarily due to
the slope of the source counts and the fact that the dis-
tance sources are intrinsically brighter at sub-mm wave-
lengths, has now allowed the observation of moderate to
high redshift dusty star forming galaxies, which are am-
plified through the cluster potentials (e.g., Ivison et al.
1998). Even though lensing of sub-mm sources have been
studied in literature, no clear prediction has been made on
the total number of sources lensed due to foreground clus-
ters. Also, past calculations have relied mostly on models
of background source counts, which were based on differ-
ent evolutionary scenarios for star forming galaxies. Even
though background source evolution has been considered
in these calculations, no attempt has been made to con-
sider the redshift evolution of foreground lensing clusters.
Thus, past calculations are limited if one were to con-
sider the possibility of using lensed sub-mm source statis-
tics towards clusters to constrain the cosmological pa-
rameters. We consider an alternative approach, primar-
ily based on the observational data to study the num-
ber statistics of lensed sub-mm sources on the whole sky
due to galaxy clusters. We calculate the foreground lens-
ing galaxy cluster number density and redshift distribu-
tion using a Press-Schechter (PS; Press & Schechter 1974)
analysis for different cosmological models and describe the
background sub-mm sources using observational data to-
wards the HDF at 850 µm (Hughes et al. 1998).
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In § 2 we briefly describe our calculation and its inputs.
In § 3 we compare our predicted number of lensed sub-
mm sources to the observed number based on the SCUBA
data. We follow the conventions that the Hubble constant,
H0, is 100h km s
−1 Mpc−1, the present mean density of
the universe in units of the closure density is Ωm, and the
present normalized cosmological constant is ΩΛ. In a flat
universe, Ωm +ΩΛ = 1.
2. Expected Number of Lensed Sub-mm Sources
In order to calculate the lensing rate for background sub-
mm sources due to foreground galaxy clusters, we model
the lensing clusters as singular isothermal spheres (SIS)
and use the analytical filled-beam approximation (see,
e.g., Fukugita et al. 1992). Our calculation is similar to
that of C98 in which we calculated the expected number
of lensed optical arcs and radio sources on the sky due to
foreground galaxy clusters (see, also, Cooray, Quashnock
& Miller 1998). We refer the reader to C98 for further
details of our calculation, which involves a description of
the foreground galaxy clusters and their redshift evolution
using a PS analysis. The PS formalism utilizes normaliza-
tions based on the local temperature function, and several
scaling relations between observed cluster properties such
as mass and X-ray luminosity.
In order to describe the background sub-mm sources,
we use the redshift and number distribution observed to-
wards the HDF sources by Hughes et al. (1998). The main
advantage in using the HDF data is the availability of red-
shift information for sub-mm sources. Also, HDF is one of
the few areas where a deep survey at 850 µm down to a
flux limit of ∼ 2 mJy has been carried out. The HDF con-
tains 5 sources with flux densities of the order ∼ 2 to 7
mJy. Hughes et al. (1998) studied the probable redshifts
of the detected sources by considering the optical coun-
terparts and assigning probabilities for likely associations.
We used the tabulated redshifts in table 2 of Hughes et
al. (1998) to describe the background sources, and calcu-
lated the lensing probability using filled-beam formalism.
Similar to C98, we calculated the < F (zl) > parameter in
lensing (see, C98) as a function of the cosmological param-
eters by describing the foreground lensing clusters with a
lower limit on the X-ray luminosity of 8×1044 h−2 ergs s−1
in the EMSS bandpass of 0.3 to 3.5 keV. This lower limit
on the foreground cluster X-ray luminosity allows a di-
rect comparison between the number statistics of lensed
sub-mm sources and that of the luminous optical arcs.
We calculated the expected number, N¯ , of gravitation-
ally lensed radio sources on the sky as a function of Ωm
and ΩΛ, and for a minimum amplification, Amin, of 2 and
10 respectively. Since we are using the SIS model, the am-
plification is simply equal to the ratio of length to width
in observed lensing arcs. In Table 1, we list the expected
number of lensed sources on the sky for Amin = 2 and 10.
Table 1. Predicted number of lensed sub-mm sources on the
sky down to a flux density limit of 2 mJy at 850 µm. N¯Planck
is the expected number of lensed sub-mm sources, with flux
densities greater than 50 mJy at 850 µm, towards clusters that
are expected to be detected with Planck Surveyor (see, Section
3).
Ωm ΩΛ N¯(Amin ≥ 2) N¯(Amin ≥ 10) N¯Planck(Amin ≥ 2)
0.1 0.0 14815 183 115
0.2 0.0 9910 123 75
0.3 0.0 6010 75 55
0.4 0.0 3635 49 32
0.5 0.0 2270 28 21
0.6 0.0 1450 18 13
0.7 0.0 790 10 9
0.8 0.0 485 6 7
0.9 0.0 310 4 4
1.0 0.0 225 3 2
0.1 0.9 270350 3340 2150
0.2 0.8 101640 1255 785
0.3 0.7 37835 468 290
0.4 0.6 15050 186 105
0.5 0.5 6470 80 45
0.6 0.4 2975 37 25
0.7 0.3 1440 18 15
0.8 0.2 735 9 7
0.9 0.1 390 5 4
3. Discussion
Using the redshift and flux distribution observed for HDF
sub-mm sources, we have calculated the expected number
of gravitationally lensed sources on the sky due to fore-
ground clusters at a wavelength of 850 µm. By extrap-
olating the observed properties towards the HDF to the
whole sky, we have assumed that the HDF is a fair sample
of the distant universe. This assumption may be invalid
given that the HDF was carefully selected to avoid bright
galaxies and radio sources. However, we have selected to
use the HDF data primarily because of the redshift infor-
mation for all detected sub-mm sources, which is currently
not available for other fields with sub-mm source observa-
tions.
We have predicted ∼ 1.5× 104 lensed sub-mm sources
with flux densities greater than 2 mJy at 850 µm, and with
amplifications greater than 2, on the sky towards clusters
with X-ray luminosities greater than 8×1044 h−2 ergs s−1,
in the 0.3 to 3.5 keV EMSS band, for a cosmology with
Ωm = 0.4 and ΩΛ = 0.6. This cosmology is consistent with
recent results based on lensing (CQM; Kochanek 1996),
type Ia supernovae (Riess et al. 1998), and galaxy cluster
baryonic fraction (Evrard 1997). The number with Amin >
4 for the same cosmology is ∼ 1600, while the number with
Amin > 10 is ∼ 200. The X-ray flux limit for foreground
clusters in our analysis is same as that of the clusters in the
Le Fe`vre et al. (1994) and Gioia & Luppino (1994) optical
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arc surveys, where 0.2 to 0.3 optical arc, with length-to-
width ratios greater than 10, per cluster has been found
down to a R band magnitude of ∼ 21.5. There are ∼ 7000
± 1000 such clusters on the whole sky. We predict a lensing
rate of ∼ 2 sources per cluster with amplifications greater
than 2 down to a flux limit of 2 mJy.
We compare our predicted number of lensed sources
to the observed number towards a sample of galaxy clus-
ters imaged with the SCUBA by Smail et al. (1997 &
1998). This sample contains 7 clusters with redshifts in
the range ∼ 0.2 to 0.4. All of these clusters are well known
lensing clusters in the optical wavelengths. Unfortunately,
this sample is incomplete either in terms of X-ray lumi-
nosity or total mass. This incompleteness doesn’t allow us
to perform a direct comparison between the predicted and
observed numbers. Out of the 7 clusters, 3 clusters have
X-ray luminosities greater than the lower limit imposed in
our calculation. Towards these three clusters, A370, A2390
& A1835, there are 8 sub-mm sources, all of which may
be gravitationally lensed. This implies a total of ∼ 2×104
lensed sub-mm sources on the whole sky. Based on our
lensing rate, we expect ∼ 6 lensed sources towards 3 clus-
ters; this exact number is strongly sensitive to the cos-
mological parameters. Here, we have assumed a spatially-
flat cosmological model with Ωm = 0.4 and ΩΛ = 0.6.
The predicted and observed numbers seem to be in agree-
ment with each other for low Ωm values in a flat universe
(Ωm +ΩΛ = 1).
However, we cannot use the present observational data
to derive cosmological parameters for several reasons.
These reasons include source contamination in the lensed
source sample and systematic biases in the foreground
cluster sample. For example, it is likely that the lensed
source sample presented by Smail et al. (1998) contain
foreground and cluster-member sources. Since the fore-
ground or cluster-member sources are less bright than the
background lensed sources, this contamination is likely
to be small (see, Blain 1997). An additional systematic
bias comes from the selection effects associated with the
foreground cluster sample. Since the observed clusters are
well known lensing clusters with high lensing rates at
optical wavelengths, it is likely that there may be more
lensed sub-mm sources towards these clusters than gener-
ally expected. This increase is due to the complex po-
tentials, dominated by substructures, of these clusters.
Even though spherical models, such as the SIS model,
can produce the overall lensed source statistics accurately,
such models cannot reproduce the observed arc statistics
of clusters with bimodal and other complex potentials.
Therefore, it is likely that the Smail et al. (1998) sam-
ple is biased towards a higher number of lensed sub-mm
sources, and by a simple comparison based on observed
and expected number of optical arcs for these clusters, we
find that this overestimate can be as high as a factor of 2
to 3.
In order to constrain cosmological parameters based on
statistics of lensed sub-mm sources, results from a com-
plete sample of galaxy clusters, preferably from a large
area survey, are needed. Further SCUBA observations of
galaxy clusters, perhaps the same cluster sample as the
Le Fe`vre et al. (1994) sample, would be helpful in this
regard. However, such a survey will require a considerable
amount of observing time, suggesting that current instru-
ments may not be able to obtain the necessary statistics.
However, in the near future there will be two opportu-
nities to perform a large area sub-mm survey of galaxy
clusters: the Planck Surveyor and the South Pole 10-m
sub-mm telescope.
South Pole 10 m sub-mm telescope—The planned
South Pole (SP) 10-m sub-mm telescope1 is expected to
begin observations around year 2003 (see, Stark et al.
1998). At 850 µm, it is expected that within ∼ 90 hours
a square degree area will be surveyed down to a flux limit
of 1 mJy. Given the resolution and flux sensitivity, it is
likely that the SP telescope would be an ideal instrument
to survey either a sample of clusters or random areas to
obtain lensed source statistics down to few mJy. To ob-
tain reliable values of the cosmological parameters based
on the sub-mm lensed source statistics, a survey of sev-
eral hundred square degrees down to few × 1 mJy will
be needed. A more direct approach within a reasonable
amount of observing time would be to survey a carefully
selected sample of galaxy clusters, either based on X-ray
luminosity or total mass, from which lensed source statis-
tics can easily be derived.
Planck Surveyor—Considering the amplification dis-
tribution for SIS lens model, and the number counts de-
fined by Scott & White (1998), we find that roughly 100
lensed sub-mm sources may be detected with the Planck
Surveyor towards galaxy clusters (e.g., Bersanelli et al.
1996)2. In Table 1, we list the number expected as a func-
tion of the cosmological parameters and assuming that
the Planck data will allow detection of sources down to
50 mJy. However, given the limited observational data
on source counts at 850 µm, we note that the predicted
numbers may have large errors. We also note that the
Planck data will be highly confused, as the beam size of
Planck is ∼ few arcmins at 850 µm; even with ∼ 2 arcmin
physical pixels for high signal-to-noise data, most of the
sources down to 50 mJy would be separated by only one
or two pixels. Assuming pixel sizes of the order beam size,
the probability of finding two sources with flux densities
greater than 50 mJy in one Planck pixel would be ∼ 0.2
to 0.3. Thus, it is more likely that the Planck data will
allow clear detection of sources down to ∼ 100 mJy, but
with additional information, such as from other frequency
channels and filtering techniques (see, e.g., Tegmark & de
1 http://cfa-www.harvard.edu/aas/tenmeter/tenmeter.html
2 http://astro.estec.esa.nl/Planck/
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Oliviera-Costa 1998), it may be possible to lower this flux
limit.
Also, it is likely that the lensed background sources
will contaminate the detection of Sunyaev-Zel’dovich (SZ)
effect in galaxy clusters (1998; see, Aghanim et al. 1997;
Blain 1998). Since the SZ effect and sub-mm sources have
different spectral distributions, it is possible that with ex-
tra information on flux at different frequencies, both the
SZ effect and the source fluxes may be recovered. How-
ever, due to the uncertainties involved with such an anal-
ysis, as well as the effects due to source confusion, it is
likely that that Planck data would not readily allow an
adequate determination of lensed sub-mm source statis-
tics to constrain cosmological parameters. It is more likely
that the lensed sub-mm source catalog from Planck would
be an important tool to study the star-formation history
at high redshifts; since lensing brightens sources, such a
lensed source catalog will contain sub-mm sources fainter
than the current limit predicted to be observable with
Planck for unlensed sources.
4. Summary
Using the redshift and flux information for HDF sub-
mm sources and a Press-Schechter analysis for foreground
lenses, we have calculated the expected number of lensed
sources at 850 µm towards galaxy clusters. In a cosmol-
ogy with Ωm = 0.4 and ΩΛ = 0.6, we predict ∼ 1.5× 10
4
lensed sources towards clusters with X-ray luminosities
greater than 8×1044 h−2 ergs s−1, and with amplifications
due to lensing greater than 2. We have compared our pre-
dicted numbers to the observed number of lensed sub-mm
sources towards a sample of galaxy clusters. However, var-
ious biases in this observed sample and possible source
contamination, do not allow us to constrain cosmological
parameters based on current statistics. We have briefly
studied the possibility of using the Planck surveyor and
the South Pole 10-m telescope data to perform this task.
A catalog of ∼ 100 lensed sources towards clusters is likely
to be a useful by-product of Planck.
Acknowledgements. I would like to thank Andrew Blain, the
referee, for prompt refereeing of the paper. This study was
partially supported by the McCormick Fellowship at the Uni-
versity of Chicago, and a Grant-In-Aid of Research from the
National Academy of Sciences, awarded through Sigma Xi, the
Scientific Research Society.
References
Aghanim, N., De Luca, A., Bouchet, F. R., Gispert, R., &
Puget, J. L. 1997, A&A, 325, 9.
Bersanelli, M. et al., 1996, COBRAS/SAMBA Pahse A Study
Report, D/SCI(96)3 ESA.
Blain, A. W. 1997, MNRAS, 290, 553.
Blain, A. W. 1998, MNRAS, 297, 502.
Cooray, A. R., Quashnock, J. M., & Miller, M. C. 1998, sub-
mitted to ApJ (astro-ph/9806080).
Cooray, A. R. 1998, submitted to A&A (astro-ph/9807148)
[C98].
Cunningham, C. R., Gear, W. K., Duncan, W. D., Hastings,
P. R., & Holland, W. S. 1994. In Instrumentation in As-
tronomy VIII, David L. Crawford & Eric R. Craine (eds.),
Proc. SPIE, 2198, 638.
Evrard, A. E. 1997, MNRAS, 292, 289.
Fukugita, M., Futamase, T., Kasai, M., & Turner, E. L. 1992,
ApJ, 393, 3.
Gioia, I. M., & Luppino, G. A. 1994, ApJS, 94, 583.
Hughes, D. H., et al. 1998, Nature, 394, 241.
Ivison, R., J., Smail, I., Le Borgne, J.-F., Blain, A. W., Kneib,
J.-P., Be`zecourt, J., Kerr, T. H., Davies, J. K. 1998, MN-
RAS, 298, 583.
Kochanek, C. S. 1996, ApJ, 466, 638.
Le Fe`vre, O., Hammer, F., Angonin, M. C., Gioia, I. M., &
Luppino, G. A. 1994, ApJ, 425, L5.
Press, W. H., Schechter, P., 1974, ApJ, 187, 425.
Riess, A. G., et al. 1998, AJ, in print, astro-ph/9805201.
Scott, D. & White, M. 1998, submitted to A&A (astro-
ph/9808003).
Smail, I. Ivison, R. J., & Blain, A. W. 1997, ApJL, 490, 5.
Smail, I. Ivison, R. J., Blain, A. W., Kneib, J.-P. 1998, sub-
mitted to ApJ Letters (astro-ph/9806061).
Stark, A. A. et al. 1998, astro-ph/9802326.
Tegmark, M., & de Oliveira-Costa, A. 1998, ApJ, 500, L83.
Williams, R. E., et al. 1996, AJ, 112, 1335.
This article was processed by the author using Springer-Verlag
LaTEX A&A style file L-AA version 3.
